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For stratified compressible shear flows, it is shown that the instability region for 
subsonic disturbances is a semiellipse type region, which depends on the 
Richardson number, wave number, and depth of the fluid layer. I f  U(y) is the basic 
velocity, c = c, + ici is the complex phase velocity, and J, the minimum of the local 
Richardson number, then this region reduces to the line c,=O when Uk, #O and 
Jo -P$- in accord with Miles’s theorem. Under an approximation, the role of 
curvature of the basic velocity profile on the stability of the flow is also studied. 
0 1989 Academic Press, Inc. 
1. INTRODUCTION 
In this paper, we study the linear stability of compressible shear flows in 
the presence of gravity. Due to the mathematical complexity of this 
problem, no systematic study of this problem has been made so far. 
However, Eckart [2] and Chimonas [ 1 ] have obtained important results 
which are generalizations of the standard results of the incompressible 
flow theory. Eckart extended Howard’s semicircle theorem to stratified 
compressible shear flows. Later Chimonas extended Miles’s theorem [7] 
and Howard’s estimate [3] for the growth rate of an unstable mode to 
compressible flows. These results were not simply found but needed 
considerable ingenuity. 
For incompressible stratified shear flows Kochar and Jain [S] have 
shown that the complex wave velocities of unstable modes lie inside a 
certain semiellipse, rather than Howard’s semicircle, whose minor axis 
depends upon stratification. This result has been generalized further by Jain 
and Kochar [4] and Makov and Stepanyants [S]. Corresponding results 
do not exist for compressible flows. Furthermore, nothing is known 
regarding the role of curvature of the basic velocity profile on the stability 
of stratified compressible shear flows. In this paper, we attempt to fill these 
gaps. 
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First, we modify Chimonas’ proof of Miles’s theorem. This enables us to 
improve upon the instability region for subsonic disturbances and for a 
class of supersonic disturbances. The instability region for subsonic distur- 
bances, which is given in the paper, depends not only on stratification but 
also on the wave number and the depth of the fluid layer. Furthermore, 
this region reduces to the line ci = 0 when U&, # 0 and .I, -+ $- in accord 
with Miles’s theorem. 
To study the curvature effects on the stability of stratified compressible 
shear flows, we make use of an approximation due to Shivamoggi [S]. 
Under this approximation, we assume that l/a, 6 1 and ci * 1 so that their 
product can be neglected in comparison to unity, in the stability equations. 
Under this approximation and for subsonic modes we have found an 
instability criterion and estimates for the growth rate of unstable modes, 
all involving the curvature of the basic velocity profiles. Also, we have 
extended many standard results of incompressible flow theory. 
2. BASIC EQUATIONS AND BOUNDARY CONDITIONS 
Consider the isentropic flows of an inviscid compressible fluid confined 
between two horizontal infinite rigid planes. Let U(y), p(y), p(v), and S 
be the velocity, density, pressure, and entropy distributions, respectively of 
the basic flow. Let g be the acceleration due to gravity and u’, = (dp/Q), 
be the square of the sound speed. Then the linear stability equation is 
(Chimonas [ 1 ] ) 
r(U-c) H’-rU’H 1 ’ rN2H 1 -(U-c)‘/a: -rk2(U-c)H+(u-c)=0, (1) 
where 
(2) 
(3) 
and 
(4) 
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In the above u(y) is the vertical component of the disturbance velocity. The 
phase velocity c may be complex and the wave number k is taken to be 
positive. It is assumed that N*(y) 2 0 which means that the stratification is 
statically stable. 
The associated boundary conditions are 
WY,)=O=W.Yz). (5) 
The stability equation (1) and Eq. (5) define an eigenvalue problem for 
the phase velocity c. If all the eigenvalues are real, then the basic flow is 
stable to two-dimensional, infinitesimal, wavy disturbances. The flow is 
unstable if there is a complex eigenvalue c = (c, + ic,) with ci > 0. 
Let H be an unstable solution. Then the transformation H= (U- c)F 
transforms (1) to 
r(U-c)2F’ ’ 
1 - (U- c)“/u: 1 -rk2(U-c)‘F+rN’F=O 
and the associated boundary conditions are 
Ft;(y,)=o=F(~d (7) 
Since ci > 0 for an unstable mode, a proper meaning can be attached to the 
transformation 
G=(U-c)“~F (8) 
by taking a definite branch of it. The transformed equation in terms of G is 
r(U-c)G’ ’ 1 1 [ rU’ ’ 1 -(U- c,*/u:-z 1 -(u-&z: 1 G 
rU’=G 
-4(u-c)(l -(u-c)2/a:) 
rN2G 
-rk2(U-c)G+(uwc)=0 
and the associated boundary conditions are 
G(Y,)=O=G(.Y,). (10) 
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3. INSTABILITY REGIONS 
For an unstable mode, the imaginary part of the equation, obtained by 
multiplying (9) by G* (complex conjugate of G) and integrating it using 
(lo), gives 
+ Uf2(1 + IU-c12/a2,) lG12 U’(U-c,)(GG*)’ 
4a: 2 a* 
+j(P-qJg=o. 
At this stage, we deviate from the analysis of Chimonas [l] and rewrite 
Eq. (11) as 
s 
U'(U-c,)(GG*)' 
(12) 
Since (GG*)‘62 IGI JG’I, we have 
1 +W-CA’ IU’I IGI IG’I W-c,WG*)‘>O~ 
2 > 2 , (13) a* a* a* 
Therefore 
U'(U- c,)(GG*)' 
{] + W;‘2]L’2 IW;;lG!, 
IG'l UJ(U-c,)(GG*;' - 
2 a* 
30 (by (13)). 
182 SUBBIAH AND JAIN 
Therefore, for an unstable mode, (12) implies that 
This is impossible if N* > U’*/4 everywhere in [y,, y2]. This proves the 
following (Chimonas [ 1 ] ) theorem. 
THEOREM 1. A sufficient condition for stability is that N2 b $U” 
throughout [ yl, yJ. 
Defining the local Richardson number as J= N2/U2, the above theorem 
means that there is no instability region if JB d throughout [y,, v2]. 
Now, we shall prove the following theorem. 
THEOREM 2. The complex wave velocity c for any unstable supersonic 
mode satisfying c2 > a’, max must be inside the semiellipse region, in the upper 
half plane given by 
d (b - aJ2, 
where a < U(y) 6 b. 
ProoJ: Multiplying (6) by F* and integrating it using (7) and following 
the standard procedure, we get the inequality 
s 
r IU-cj4)F’12 
+ a2,/1 -(U-c)2/a2,12 
< 0, 
where 
(16) 
lF’12 
‘=]I -(U-c)‘/a:12 
+ k2 \F12, a< U(y)Gb. 
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For supersonic unstable modes satisfying cf/ai max > 1, we have from (14) 
(17) 
Let 
E*= r IU-clQ s 
and 
J 
rlU’l’ IFI2 
B2= 41U-cl 11 -(U-c)*/a:12’ 
Following Kochar and Jain [S], let us substitute in (17) G = (U - c)“‘F 
and use Schwarz’s inequality to get 
(B-E)*6(1-45,) jr;;“:;2 
where J, = minY [N*/U”]. This gives 
E* < 1 + ‘($l;‘) J1-4Jo]* B*. 
(18) 
(19) 
Since, for an unstable supersonic mode with cf/u: > 1, I 1 - (U- c)‘/a’, I ’ 
> 1, we have 
rN2 IFI * b 4J,,ciB2 
> 
4JOc, E2 
[1+(1+5(b-a)2/4a:,i,)J1-4J,]2 
3 
4J,cf j rQ 
[1+(1+5(b-a)*/4a:,i,,,/1-43,12‘ 
Using the estimate (20) in (16), we get (15). This proves the theorem. 
THEOREM 3. The complex wave velocity c for any unstable subsonic mode 
must lie inside the semiellipse type region, in the upper half plane given by 
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(21) 
where 
2 
A2 = 4aZ 
a* minrminx2 
* maxrmax(~2 - .d2’ 
Proof: Since, for subsonic unstable modes, ((U- c,)~ + c:)/u: 6 1, we 
have c:/u’, < 1 in [y,, y2]. Therefore, for an unstable subsonic mode, we 
have from (14) 
s ,I -(r/&l;,’ {~(,G.,‘+k’Il-~12,G,2)} 
Let 
rc: IU-cl E~=fo:,l-(u-c)2,a:,2 {,F’,2+k+-y-~*IF,‘} 
and 
B;= 
I 
rcf 1 U’12 IFI 
aill -(U-c)2/a:~2~U-c~’ 
Then, proceeding as in the proof of the previous theorem, we get 
Use of the Rayleigh-Ritz inequality shows that 
srcf IG’~2/a~Il-(U-c)2/a~~Z,~2 
JcfrlGj*/aZ, ’ ’ 
(22) 
(23) 
(24) 
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where 
2 
12 = 
a*minrmin~2 
4 maxrmax4(Y2 - y1j2’ 
Use of (24) in (22) leads to 
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(25) 
(26) 
If 
then use of (26) gives 
We have 
E: rcZlU--cl Q rc:JU’)2)Fj2 -= 
B: I 
2 
a* :‘j a2,)1-(U-c)2/a~121U-C1 
Cfa”, min(V’ + k2) 
’ U&xUt m,,( 1 - 5(b - a)‘/4a: ,in)’ 
which can be rewritten as 
Using the inequality (23), we get 
v2+k2< 
u~~,U:,,,(1-5(b-U)2/4a:,i”)2[5+2~12 
c4a2 
. (28) 
* min 
Using this in (27), we have 
-J.c < ugaxa6, max 1-m - a)2  
.fr VI2 44 mln i 
x c++2 J~l’($-JO) 
c!a2, ,,n(112 + k2) 
(29) 
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Therefore, 
Use of this equation in (16) gives (21). This proves the theorem. 
In the last two theorems, we have reduced the instability region given by 
the semicircle theorem. The reduced regions depend on stratification 
through the minimum Richardson number Jo. The result for subsonic dis- 
turbances incorporates not only the stratification but also the wave number 
and the depth of the fluid layer. Furthermore, when U~i” #O, J, + $- 
implies ci + 0+ in accord with Theorem 1. 
4. CURVATURE EFFECTS 
For incompressible shear flows, the curvature of the basic velocity profile 
plays an important role in the stability analysis. But, there is no result 
which throws light on the role of curvature of the basic velocity profile on 
the stability of stratified compressible shear flows. However, if we make use 
of an approximation due to Shivamoggi [8] we get results illustrating the 
role of curvature on the stability of stratified compressible shear flows. 
Following Shivamoggi [S], let us assume that l/a, + 1 and ci << 1 so that 
their product can be neglected in comparison to unity. Under this 
approximation, the stability equation (1) becomes 
rH’ 
I’[ 
riJ’ 1 ’ H l-(v-c,)*/a: - l-(U-c,)‘/u2, (V-c) 
(31) 
Now, we shall prove the following theorems for subsonic disturbances, for 
which l-(U-~,)~/a:>Oin [y,,y2]. 
THEOREM 4. A necessary condition for instability to subsonic disturbances 
is 
[ 
rU’ 1 ’ 2rN2(U-c,) =. l-(u-c,)‘/u: -(u-c,)2+c; (32) 
at least once in( y,, y2). 
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Proof: Multiplying (31) by H* and integrating it over ( y,, JI*) using 
(5), we get 
r lH’12 
1 - (U - c,)2/a: 1 
+jr~‘lHl*+ j 
- 
I 
rN* IH12=0. 
(U-c)’ (33) 
For an unstable subsonic mode, the immaginary part of it gives 
rU’ 1 ’ 1 -(u-c,)‘/a: 
The theorem follows from this. It is interesting to note that when l/u: = 0, 
this result reduces to Synge’s criterion [9]. Now, letting L= 
(l/r)[rU’/( 1 - (U- ~,)~/a:)}‘, we have the following theorem. 
THEOREM 5. A necessary condition for instability to subsonic disturbances 
is that 
N2 
c;< - ( ) L2 max 
whenever L has a definite sign over ( y , , y2). 
ProoJ: Equation (34) can be rewritten as 
I {MU-d-N ,“+(L’c;-N’))$$,=O. (36) 
(35) 
This implies that a necessary condition for instability is that 
L=c;-N2<0 (37) 
at least once in the flow domain. 
The theorem follows from this. For incompressible stratified shear 
flows, the corresponding result was obtained by Synge [9] and later, 
independently, by Yih [lo]. 
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THEOREM 6. An estimate for the growth rate of an unstable subsonic 
mode is given by 
k*cf < I( 
rU’ 
1 - W-c,)*/4 )‘i 
(b-a) + (rN2Lx 
max 
I’ 
ret1 +~*P*(Yz- VI)*) ’ 
(38) 
Proof: The real part of (33) gives 
r IH”* 
1- (U-c,)‘/a’, 
]+rk’ /HI*} 
rU’ =- 
1 - (U-c,)*/a: 1 ’ (u-c,) WI* ‘U-c’2 
2 IHI* 
+i 
rN*((U-c,)*-c; 
‘u-c’4 
,I[ rU’ < 1 - (U-c,)“/a: I’ 
This gives 
rmin (lH’I*+k* IHI*) 5 
rU’ 
< 
)‘I l-(u-c,)*/a2, max 
(b -a) + (rN2Jmax 
Use of the Rayleigh-Ritz inequality in (39) gives the estimate (38). 
All three theorems otained using the approximation of Shivamoggi 
involve the curvature of the basic flow profile. 
5. INSTABILITY CONDITIONS 
In addition to the above results involving the curvature of the basic 
velocity profile, we can obtain results generalizing many standard results of 
incompressible flow theory. Now, we shall generalize the semiellipse and 
generalized semiellipse theorems of Kochar and Jain [4, 51 and the bound 
for the growth rate of Makov and Stepanyants [6]. 
The transformation H = (U - c)F, when used in (31), leads to 
r(U-c)*F’ 
1 - (U - cr)‘/a: 1 -rk*(U-c)*F+rN*F=O. (40) 
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Following Howard [3] it is easy to show that a necessary condition for 
instability is 
[(cr-~)‘+c:-(~)‘]jrQ+ jrN2 (F,2<0, (41) 
where 
(42) 
Dropping the last term, which is positive, from Eq. (41) gives us the 
semicircle theorem. Finding a lower and relevant estimate of the last term 
in (41) leads to the semiellipse theorem. Before proceeding to do that, we 
shall prove the following theorem. 
THEOREM 7. A necessary condition for instability to subsonic disturbances 
is that 
1 
J<4[1 -(b-a)2/a:min] 
at least at one point in (y,, yz). 
Proof: Use of the transformation 
r r(U-c)G’ 1' 
Ll- ;U-cj)2/a:J 
G = (U - c)‘12F in (40) leads to 
1 rU’ rU”G -- 
i 2 1- (U-c,)‘/a: 1 G-4[l-(U-c,)2/a:](U-c) 
rN2G 
-rk2(U-c)G+(uYc)=0. 
(43 ) 
(4) 
Multiplying (44) by G*, integrating it over (y,, y2), and using (lo), we get 
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The imaginary part of (45) gives 
r IG’12 
[1-(u-c,)2,a:,,+rk2’G’2 1 ur2 rIGI 
= 4[1 -(U-eJ2,aZ,, --IV2 1 Iu-c12’ 
This is impossible if 
UT2 
N224[l -(u-c,)2/u2,] in Cv19 hl. 
Hence a sufficient condition for stability to subsonic disturbances is 
(46) 
throughout the flow domain. 
By the semicircle theorem, for an unstable subsonic mode a < c, < b. But, 
then 
Therefore, 
Uf2 IT2 
4[1-(b-a)2/~:,in ] >4[1 -(U-cJ2/az,]’ 
Hence, a necessary condition for instability is 
at least once in ( yr, y2). This proves the theorem. 
The above theorem is true only for subsonic modes and that too under 
an approximation. Furthermore, it is weaker than Theorem 1. However, 
the method of proof is standard and it helps us to prove the following 
theorems. 
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THEOREM 8. The complex wave velocity c for any unstable subsonic mode 
must lie inside the semiellipse region, in the upperhalf plane, given by 
(c,-fq)‘+ 
2c: 
[l +Jl-45,(1 -(b-a)*/a:,i,)] 
THEOREM 9. The complex wave velocity c for any unstable subsonic mode 
must lie inside the semiellipse type region, in the upper half plane, given by 
(501 
where 
(51) 
(52) 
THEOREM 10. An estimate for the growth rate of an unstable subsonic 
mode is given by 
cm 1 
k2C’ ’ 
4[1 -(b-a)2/a:min]-Jo 1 
[l + rminz2/rm,,k2( y, - y,)*] ’ 
For l/a: = 0, Theorems 8 and 9 reduce to those of Kochar and Jain [4,5] 
and Theorem 10 reduces to that of Makov and Stepanyants [6]. 
For the proofs of these three therorems, one has to proceed generally 
along the lines of the proofs of Theorems 2 and 3, and hence their proofs 
are not repeated here. 
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6. CONCLUDING REMARKS 
In this paper, we have studied the linear stability of compressible shear 
flows in the presence of gravity. Due to the extreme mathematical difficulty 
not much work has been done in this direction. Following Eckart [2] and 
Chimonas [I], we have attemped to generalize many of the standard 
results of stratified incompressible flow theory to the compressible flow 
case. First of all, we have modified Chimonas’ proof of the Richardson 
number criterion. This enables us to reduce the instability regions for sub- 
sonic disturbances and for a class of supersonic disturbances. The reduced 
instability region for subsonic disturbances depends also on the wave num- 
ber and depths of the fluid layer. It is interesting to note that this region 
reduces to the line ci = 0 as J, + d-, when I&, # 0. This is in accord with 
Theorem 1. 
The role of curvature of the basic velocity profile on the stability of 
stratified compressible shear flows is also studied. For this, we use an 
approximation. Under this approximation, we have generalized an 
instability criterion and an estimate for growth rate, which were given by 
Synge [9] for incompressible shear flows. Also, a new estimate for growth 
rate is given. In addition, many standard results of stratified incompressible 
flow theory have also been generalized. 
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